Comparison of secondary invariants of algebraic K-theory by Kaad, Jens
ar
X
iv
:0
80
4.
15
89
v2
  [
ma
th.
KT
]  
27
 Ja
n 2
01
1
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Abstract
In this paper we prove that the multiplicative character of A. Connes and M. Karoubi and the
determinant invariant of L. G. Brown, J. W. Helton and R. E. Howe agree up to a canonical
homomorphism.
Contents
1. Introduction 2
2. The determinant invariant of an extension by L1(H) 4
2.1. The Cˇech complex of a surjective simplicial map 4
2.2. The determinant invariant 5
3. The multiplicative character of a finitely summable Fredholm module 6
3.1. The relative Chern character 6
3.2. The multiplicative character 8
4. Comparing the determinant invariant and the multiplicative character 9
4.1. Factorization through relative continuous cyclic homology 9
4.2. Determinants and the relative logarithm 11
4.3. Proof of the main result 14
References 17
email: kaad@math.ku.dk.
1
2 J. KAAD
1. Introduction
In their paper, [9], A. Connes and M. Karoubi define a multiplicative character on algebraic
K-theory
MF : K2p(A)→ C/(2pii)
p
Z
for each odd unital 2p-summable Fredholm module (F,H) over the unital C-algebra A. The
construction uses the relative K-groups of a unital Banach algebra and the relative Chern
character with values in continuous cyclic homology.
In a different direction, L.G. Brown has defined a determinant invariant
d(X,ι) : K2(B)→ C
∗
for each exact sequence of C-algebras
X : 0 −−−→ L1(H)
i
−−−→ E
pi
−−−→ B −−−→ 0
equipped with a unital algebra homomorphism ι : E → L(H) such that
(1) (ι ◦ i)(T ) = T for all T ∈ L1(H)
The construction uses the Fredholm determinant homomorphism
det : G → C∗ eT 7→ eTr(T )
Here G ⊆ GL(L(H)) denotes the operators of determinant class. See [3, 4].
In the case where B is commutative, the determinant invariant is related to the work of J. W.
Helton and R. E. Howe on traces of commutators, [12], via the identity
d(X,ι){pi(e
S), pi(eT )} = eTr[S,T ] S, T ∈ E
Here {pi(eS), pi(eT )} ∈ K2(B) denotes the Steinberg symbol. Notice also the appearance of the
determinant invariant in the papers of R. W. Carey and J. D. Pincus. See [5, 6].
The purpose of this paper is to show that the multiplicative character and the determinant
invariant coincide up to a canonical homomorphism. In particular, to each odd unital 2-
summable Fredholm module (F,H) over a unital C-algebra A we associate an extension of
a certain C-algebra B by the operators of trace class
(2) XF : 0 −−−→ L
1(H)
i
−−−→ E
pi
−−−→ B −−−→ 0
an injective homomorphism ι : E → L(H) satisfying (1), and a surjective homomorphism
RF : A → B
The main result of the paper can then be expressed as the commutativity of the diagram
(3)
K2(A) K2(B)
C/(2pii)Z C∗
✲
(RF )∗
❄
MF
❄
d(XF ,ι)
✲
exp
It follows that the multiplicative character admits calculation in the commutative case, and that
it factorizes through the second algebraic K-group of the Calcin algebra C1(H) = L(H)/L1(H).
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Using the theory of central extensions we can state the main result in a different fashion. In
[9, Paragraph 5] it is shown that the universal multiplicative character
MU : K2(M
1) ∼= H2(E(M
1))→ C/(2pii)Z ∼= C∗
is induced by a central extension
(4) ϕ : 1 −−−→ C∗ −−−→ Γ −−−→ E(M1) −−−→ 1
On the other hand, the universal determinant invariant
d : K2(E(C
1(H))) ∼= H2(E(C
1(H)))→ C∗
could be understood as the homomorphism induced by the central extension
(5) ψ : 1 −−−→ C∗ −−−→ Γ˜
E(q)
−−−→ E(C1(H)) −−−→ 1
where Γ˜ = GL(L(H))/G0 with G0 defined as the normal subgroup consisting of operators of
determinant one. The main theorem then translates into the following statement: The elements
in group cohomology with coefficients in C∗ determined by the central extensions (4) and (5)
coincide up to a homomorphism
E(R)∗(ψ) = ϕ E(R)∗ : H2(E(C1(H)),C∗)→ H2(E(M1),C∗)
We thus obtain refinements of results given in [27]. Here we have applied the universal coefficient
Theorem together with the perfectness of the elementary matrices.
The present paper is organized as follows.
In the first two sections we recall the construction of the determinant invariant and the mul-
tiplicative character. Our definition of the determinant invariant differs slightly from the one
given in [3, 4]. We use a description of the relative homology groups of the surjective homo-
morphism
E(q) : E(L(H))→ E(C1(H))
in terms of an algebraic analogue of the Cˇech complex of an open cover of a topological space.
See [13, 17]. A combinatorial argument can be given, proving that the two definitions yield the
same map. The alternative approach seems to be essential for the working of our main proof.
In the last section we give a proof of the main result. There are two main ingredients. The first
ingredient is a factorization result for the homomorphism
τ1 : HC1(M
1)→ C (x0, x1) 7→ −
1
4
Tr(FU [FU , x0][FU , x1])
through a relative continuous cyclic homology group. This result is essentially contained in
the proof of [9, Theorem 5.6]. The second ingredient is an application of the (well known)
description of the Fredholm determinant using a logarithm. To be precise, for each smooth
map
σ : [0, 1]→ G σ(0) = 1
we can calculate the Fredholm determinant of the endpoint σ(1) ∈ G, using the integral
Tr(
∫ 1
0
dσ
dt
· σ−1dt) ∈ C
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We use this observation in a relative setting, invoking the algebraic Cˇech complex a second
time. These considerations lead directly to a proof of the main result.
We would like to end this introduction by mentioning that even though the determinant in-
variant has no obvious generalization to the higher K-groups, we are still able to calculate the
multiplicative character in this setting, obtaining higher dimensional analogues of the identity
(exp ◦MF ){e
T , eS} = exp(Tr[PTP, PSP ])
This will be the subject of a forthcoming paper.
Acknowledgements: I would like to thank Ryszard Nest for his continuous support and many
helpful comments.
2. The determinant invariant of an extension by L1(H)
The main subject of this section is the definition of the determinant invariant. Our definition
relies on considerations in relative homology, which will find application throughout the paper.
We will therefore start by a formulation of these ideas in a general context before passing on
to the definition of the determinant invariant.
2.1. The Cˇech complex of a surjective simplicial map. Let X and Y be simplicial sets
and suppose that we have a surjective simplicial map f : X → Y . We let Ker∗(f) denote the
kernel chain complex of the associated chain map f : Z[X∗]→ Z[Y∗]. Furthermore we let Cˇ(f)
denote the bicomplex with
Cˇnm(f) = Z[Xn ×Yn . . .×Yn Xn︸ ︷︷ ︸
m+2
]
The generators are thus (m+2)-tuples of elements in Xn, (x1, . . . , xm+2), which coincide in Yn,
f(x1) = . . . = f(xm+2). The differentials are given by
d : Cˇnm(f)→ Cˇ(n−1)m(f) d(x1, . . . , xm+2) =
∑n
i=0(−1)
i(di(x1), . . . , di(xm+2))
and
δ : Cˇnm(f)→ Cˇn(m−1)(f) δ(x1, . . . , xm+2) =
∑m+2
j=1 (−1)
j+1(x1, . . . , xˇj , . . . , xm+2)
Here the ·ˇ signifies that the term has to be omitted. We then have a long exact sequence of
abelian groups
Z[Xn] Z[Yn] Cˇn0(f) Cˇn1(f) Cˇn2(f) . . .✛
f
✛
ε
✛
δ
✛
δ
✛
δ
for each n ∈ N0. Here the chain map
ε : Cˇ∗0(f)→ Z[Y∗]
is given by ε : (x1, x2) 7→ x1 − x2. In particular, letting Coker∗(δf ) denote the cokernel chain
complex of the chain map
δ : Cˇ∗1(f)→ Cˇ∗0(f)
we have the result
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Theorem 2.1. [17] For each n ∈ N0 we have the isomorphisms
Hn(f) ∼= Hn(Ker(f)) ∼= Hn(Coker(δf)) ∼= Hn(Cˇ(f))
Here Hn(f) denotes the relative homology of the simplicial map f : X → Y
2.2. The determinant invariant. Let C1(H) = L(H)/L1(H) denote the Calkin algebra. We
then have the quotient map q : L(H)→ C1(H) and an induced surjective group homomorphism
E(q) : E(L(H))→ E(C1(H)). Here E(A) denotes the elementary matrices of a unital ring A.
We define the determinant homomorphism on the abelian group Cˇ10(E(q)) by
det : Z[E(L(H))×E(C1(H)) E(L(H))]→ C
∗ (g1, g2) 7→ det(g1g
−1
2 )
Note that g1g
−1
2 is of determinant class since E(q)(g1) = E(q)(g2).
Lemma 2.2. The determinant
det : Z[E(L(H))×E(C1(H)) E(L(H))]→ C
∗
induces a map on homology
det : H1(Coker(δE(q)))→ C
∗
Proof. This is a matter of checking the equality
det(g1g
−1
2 ) · det(g2g
−1
3 ) = det(g1g
−1
3 ) for E(q)(g1) = E(q)(g2) = E(q)(g3)
and the equality
det(g1g
−1
2 )det(h1h
−1
2 ) = det(g1h1h
−1
2 g
−1
2 )
for E(q)(g1) = E(q)(g2) and E(q)(h1) = E(q)(h2). But they follow easily from well known
properties of the Fredholm determinant, [28, 31]. 
By Theorem 2.1, the surjectivity of E(q) : E(L(H))→ E(C1(H)) implies that
ε : H1(Coker(δE(q)))→ H1(E(q))
is an isomorphism. Furthermore, by [18, Proposition 1.2.1] we can identify the abelian groups
K2(C
1(H)) and H2(E(C
1(H))). We can thus define the universal determinant invariant as the
composition
d = det ◦ ∂ : K2(C
1(H)) ∼= H2(E(C
1(H)))→ C∗
Here ∂ : H2(E(C
1(H)))→ H1(E(q)) is the boundary map associated with the group homomor-
phism E(q) : E(L(H))→ E(C1(H)).
Now, suppose that we have an exact sequence of C-algebras
X : 0 −−−→ L1(H)
i
−−−→ E
pi
−−−→ B −−−→ 1
equipped with a unital algebra homomorphism ι : E → L(H) such that
(ι ◦ i)(T ) = T for all T ∈ L1(H)
We then have an induced homomorphism ι : B → C1(H) which by functoriality of algebraic
K-theory yields a homomorphism
ι∗ : K2(B)→ K2(C
1(H))
6 J. KAAD
We define the determinant invariant of the pair (X, ι) as the composition
d(X,ι) = d ◦ ι∗ : K2(B)→ C
∗
3. The multiplicative character of a finitely summable Fredholm module
In this section we recall the construction of the multiplicative character associated with an
odd, finitely summable Fredholm module. To this end we will describe the relative Chern
character and the relative K-groups in detail. The references for this section are [9, 16] and [29].
Note that the cyclic homology and Hochschild homology groups encountered in this section,
and throughout the paper are the non-Hausdorff versions of continuous cyclic homology and
continuous Hochschild homology groups.
3.1. The relative Chern character. Let A be a unital Banach algebra. We let
∆n = {t ∈ [0, 1]n |
n∑
i=1
ti ≤ 1}
denote the standard n-simplex. The vertices will be denoted by 0, . . . ,n ∈ ∆n.
Let R(A) denote the simplicial set with
R(A)n = {σ ∈ GL(C
∞(∆n, A)) | σ(0) = 1}
in degree n ∈ N0 and with face operators and degeneracy operators defined by
di(σ)(t1, . . . , tn−1) =
{
σ(1−
∑n−1
j=1 tj, t1, . . . , tn−1) · σ(1)
−1 for j = 0
σ(t1, . . . , ti−1, 0, ti, . . . , tn−1) for j ∈ {1, . . . , n}
sj(σ)(t1, . . . , tn+1) =
{
σ(t2, . . . , tn+1) for j = 0
σ(t1, . . . , ti−1, ti + ti+1, . . . , tn+1) for j ∈ {1, . . . , n}
Remark the extra factor σ(1)−1 in the expression for d0.
Let |R(A)| denote the geometric realization of the simplicial set R(A). The fundamental group
is then given by
pi1(|R(A)|) = R(A)1/ ∼
where ∼ denotes the equivalence relation given by smooth homotopies with fixed endpoints. See
[22]. Since the commutator subgroup is perfect and normal, we can apply the plus construction
of D. Quillen, obtaining the pointed CW -complex |R(A)|+. See [24].
Definition 3.1. [16] By the relative K-theory of A we will understand the homotopy groups
of |R(A)|+ thus by definition
Kreln (A) = pin(|R(A)|
+)
for each n ∈ N0.
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By [16] the relative K-groups fit in a long exact sequence
(6)
. . . Ktopn+1(A) K
rel
n (A) Kn(A)
. . . Kn−1(A) K
rel
n−1(A) K
top
n (A)
✲
i
✲
v
✲
θ
❄
i
✛
i
✛
θ
✛
v
which terminates at Ktop1 (A). Here θ : K
rel
n (A)→ Kn(A) is induced by the simplicial map
θ : Rn(A)→ GL(A)
n θ(σ) = (σ(0)σ(1)−1, . . . , σ(n− 1)σ(n)−1)
Furthermore, in [9] it is shown that the long exact sequence (6) is related to the continuous
SBI-sequence in homology by means of Chern characters
. . . Ktopn+1(A) K
rel
n (A) Kn(A) K
top
n (A) . . .
. . . HCn+1(A) HCn−1(A) HHn(A) HCn(A) . . .
✲
i
✲
v
❄
ch
top
n+1
✲
θ
❄
(−1)n
(n−1)!
chreln
✲
i
❄
1
n!
Dn
✲
v
❄
ch
top
n
✲
I
✲
S
✲
1
n
B
✲
I
✲
S
We will give a precise description of the relative Chern character
chreln : K
rel
n (A)→ HCn−1(A)
as the composition of three homomorphisms. The first one is the Hurewicz homomorphism
hn : K
rel
n (A)→ Hn(|R(A)|
+) ∼= Hn(R(A))
The second one is the logarithm
L : Hn(R(A))→ lim
m→∞
HCn−1(Mm(A))
which is induced by
(7) L : σ 7→
1
n
∑
s∈Σn
sgn(s)
∫
∆n
∂σ
∂ts(1)
· σ−1 ⊗ . . .⊗
∂σ
∂ts(n)
· σ−1dt1 ∧ . . . ∧ dtn
for each smooth map σ : ∆n → GLm(A). The last one is the generalized trace on continuous
cyclic homology
TR : lim
m→∞
HCn−1(Mm(A))→ HCn−1(A)
Definition 3.2. [9, 16] By the relative Chern character
chreln : K
rel
n (A)→ HCn−1(A)
we will understand the composition
(8) chreln = TR ◦ L ◦ hn
of the Hurewicz homomorphism, the logarithm and the generalized trace.
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3.2. The multiplicative character. Let H be a separable Hilbert space of infinite dimension.
For each p ∈ N let M2p−1 denote the unital C-subalgebra of L(H ⊕H) consisting of operators
of the form (
x11 x12
x21 x22
)
∈ L(H ⊕H)
with x12, x21 ∈ L
2p(H) in the 2pth Schatten ideal. The C-algebra M2p−1 becomes a unital
Banach algebra when equipped with the norm
‖x‖ = ‖x‖∞ + ‖ [FU , x] ‖2p FU =
(
1 0
0 −1
)
Here the norms ‖ · ‖∞ and ‖ · ‖2p are the operator norm and the norm on the 2p
th Schatten
ideal respectively. For details on the Schatten ideals we refer to [28].
The continuous linear map
τ2p−1 : C
λ
2p−1(M
2p−1)→ C (x0, . . . , x2p−1) 7→ −
1
22p(p−1)!
Tr(FU [FU , x0] · . . . · [FU , x2p−1])
determines a continuous cyclic cocycle and consequently a homomorphism
τ2p−1 : HC2p−1(M
2p−1)→ C
For details we refer to [8]. Pre-composition with the relative Chern character thus yields a
homomorphism
τ2p−1 ◦ ch
rel
2p : K
rel
2p (M
2p−1)→ C
In [9] it is shown that K2p(M
2p−1) is the cokernel of
v : Ktop2p+1(M
2p−1)→ Krel2p (M
2p−1)
from the exact sequence (6). Furthermore it is shown that the image of the homomorphism
τ2p−1 ◦ ch
rel
2p ◦ v : K
top
2p+1(M
2p−1)→ C
equals the additive subgroup (2pii)pZ of C. By consequence we get a homomorphism
MU : K2p(M
2p−1) ∼= Coker(v)→ C/(2pii)pZ
This is the odd universal multiplicative character.
Now, to each odd unital 2p-summable Fredholm (F,H) over a unital C-algebra A we can
associate a unital algebra homomorphism ρF : A →M
2p−1 which by functoriality of algebraic
K-theory yields a homomorphism
(ρF )∗ : K2p(A)→ K2p(M
2p−1)
The multiplicative character of the Fredholm module (F,H) over A is then defined as the
composition
MF =M ◦ (ρF )∗ : K2p(A)→ C/(2pii)
p
Z
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4. Comparing the determinant invariant and the multiplicative character
4.1. Factorization through relative continuous cyclic homology. In this section we show
that the homomorphism
τ1 : HC1(M
1)→ C
factorizes through a relative continuous cyclic homology group, associated with an extension of
M1 by the operators of trace class. This result can be found in condensed form in the proof of
[9, Theorem 5.6].
Let H be a separable Hilbert space and let M1 be the Banach algebra considered in Section 3.
Let P be the projection
P =
(
1 0
0 0
)
∈ L(H ⊕H)
and let q : L(H)→ L(H)/L1(H) = C1(H) be the quotient map. We then have a unital algebra
homomorphism
R :M1 → C1(H) R : x 7→ q(PxP )
Let T 1 ⊆ L(H) ×M1 be the unital C-subalgebra such that (S, x) ∈ T 1 precisely when S −
PxP ∈ L1(H). The diagram
(9)
T 1 M1
L(H) L(H)/L1(H)
✲
pi2
❄
pi1
❄
R
✲
q
is thus a commutative diagram of unital C-algebras. Here pi1 and pi2 are the projections given
by pi1(S, x) = S and pi2(S, x) = x.
The C-algebra T 1 becomes a unital Banach algebra when equipped with the norm
‖(S, x)‖ = ‖PxP − S‖1 + ‖x‖∞ + ‖[2P − 1, x]‖2
It fits in the short exact sequence of Banach algebras
(10) 0 −−−→ L1(H)
i
−−−→ T 1
pi2−−−→ M1 −−−→ 0
which has a continuous linear section
s :M1 → T 1 x 7→ (PxP, x)
The existence of the continuous linear right inverse to pi2 yields an isomorphism
HC∗(pi2) ∼= HC∗(Ker(pi2))
between the relative continuous cyclic homology of pi2 and the homology of the kernel complex
associated with the chain map
(pi2)∗ : C
λ
∗ (T
1)→ Cλ∗ (M
1)
In particular, each element in HC0(pi2) can be represented by an operator of trace class
(S, 0) ∈ T 1 S ∈ L1(H)
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Lemma 4.1. The trace
Tr : Ker(pi2)→ C (S, 0) 7→ Tr(S)
induces a map on relative continuous cyclic homology
T : HC0(pi2)→ C
Proof. Let α : Cλ1 (M
1)→ L(H) denote the map induced by
α : (x0, x1) 7→ [Px0P, Px1P ]
Let β : Cλ1 (T
1)→ L1(H) be the map induced by
β : ((S0, x0), (S1, x1)) 7→ [S0, S1]− [Px0P, Px1P ]
We then have
Tr ◦ β = 0
Furthermore we can express the composition of the Hochschild boundary
b : Cλ1 (T
1)→ Cλ0 (T
1) = T 1
with the projection pi1 : T
1 → L(H) as the sum
pi1 ◦ b = β + α ◦ (pi2)∗
It follows that the map
Tr ◦ b : Ker1(pi2)→ C
vanishes, which in turn implies the desired result. 
We can now prove that τ1 : HC1(M
1) → C factorizes through the relative continuous cyclic
homology group HC0(pi2).
Theorem 4.2. The character
τ1 : HC1(M
1)→ C
factorizes as
τ1 = −T ◦ ∂
Here ∂ : HC1(M
1) → HC0(pi2) is the boundary map associated with the homomorphism pi2 :
T 1 →M1.
Proof. We start by noting that the composition
−Tr ◦ (b ◦ s∗ − s∗ ◦ b) : C
λ
1 (M
1)→ C
coincides with the map
τ1 : C
λ
1 (M
1)→ C
Here s∗ : C
λ
1 (M
1) → Cλ1 (T
1) denotes the map induced by the continuous linear right inverse
s :M1 → T 1 of pi2 : T
1 →M1. Since the boundary map
∂ : HC1(M
1)→ HC0(pi2) ∼= HC0(Ker(pi2))
is induced by the map
b ◦ s∗ : Z
λ
1 (M
1)→ Ker(pi2)
we get the desired result. 
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As an immediate consequence of Theorem 4.2 we get the following factorization result for the
composition of the relative Chern character and the homomorphism τ1 : HC1(M
1)→ C.
Corollary 4.3. The composition
τ1 ◦ ch
rel
2 : K
rel
2 (M
1)→ C
factorizes as
τ1 ◦ ch
rel
2 = −T ◦ TR ◦ L ◦ ∂ ◦ h2
Here the maps
TR : lim
m→∞
HC1(Mm(pi2))→ HC1(pi2)
and
L : H2(R(pi2))→ lim
m→∞
HC1(Mm(pi2))
are relative versions of the generalized trace and the logarithm. The map
∂ : H2(R(T1))→ H1(R(pi2))
is the boundary map associated with the simplicial map R(pi2) : R(T
1)→ R(M1).
4.2. Determinants and the relative logarithm. In this part of the paper we start relating
the multiplicative character with the Fredholm determinant. The main result of this section is
thus Lemma 4.6, where we show that the composition of the relative logarithm
L : H1(R(pi2))→ lim
m→∞
HC0(Mm(pi2))
with the exponential of the trace
exp ◦(−T ◦ TR) : lim
m→∞
HC0(Mm(pi2))→ C
∗
is a Fredholm determinant.
Definition 4.4. Let G denote the operators of determinant class. By a smooth map σ : ∆n → G
we will understand an element in the group
σ ∈ GL
(
C∞(∆n,L(H))
)
such that
σ − 1 ∈M∞
(
C∞(∆n,L1(H))
)
Define the map
L˜ : Z[R(T 1)1 ×R(M1)1 R(T
1)1] = Cˇ10(R(pi2))→ C
by the assignment
L˜ : (σ1, σ2) 7→ −Tr
∫ 1
0
d(σ1σ
−1
2 )
dt
· σ2σ
−1
1 dt
Here the trace
Tr :M∞(L
1(H))→ C
is induced by
Tr : x 7→
∑m
i=1Tr(xii) for all x ∈Mm
(
L1(H)
)
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Lemma 4.5. The map
L˜ : Z[R(T 1)1 ×R(M1)1 R(T
1)1]→ C
passes to a map on homology
L˜ : H1(Coker(δR(pi2)))→ C
making the diagram
(11)
H1(R(pi2)) H1(Coker(δR(pi2)))
C
❄
−T◦TR◦L
✛
ε
✟
✟
✟
✟
✟
✟✟✙
L˜
commute.
Proof. We show that
L˜ : Z[R(T 1)1 ×R(M1)1 R(T
1)1]→ C
agrees with the map
−T ◦ TR ◦ L ◦ ε : Z[R(T 1)1 ×R(M1)1 R(T
1)1]→ C
See Section 2.1. Here TR ◦L : Ker1(R(pi2))→ Ker(pi2) is induced by the restriction of TR ◦L :
Z[R(T 1)1]→ T
1 to the kernel of R(pi2) : Z[R(T
1)1]→ Z[R(M
1)1].
This essentially amounts to a proof of the equality
L˜(σ1, σ2) = Tr
( ∫ 1
0
dσ2
dt
· σ−12 dt−
∫ 1
0
dσ1
dt
· σ−11 dt
)
for all (σ1, σ2) ∈ R(T
1)1 ×R(M1)1 R(T
1)1.
Now, since the trace
Tr :Mm(L
1(H))→ C
is continuous and linear we have
L˜(σ1, σ2) = −Tr
∫ 1
0
d(σ1σ
−1
2 )
dt
· σ2σ
−1
1 dt
= −
∫ 1
0
Tr
(d(σ1σ−12 )
dt
· σ2σ
−1
1
)
dt
Using the Leibnitz rule for the differential operator d
dt
we get
d(σ1σ
−1
2 )
dt
=
dσ1
dt
· σ−12 − σ1σ
−1
2 ·
dσ2
dt
· σ−12
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Defining α ∈M∞
(
C∞(∆1,L1(H))
)
by α + 1 = σ2σ
−1
1 we have
− Tr
(d(σ1σ−12 )
dt
· σ2σ
−1
1
)
= −Tr
(dσ1
dt
· σ−11 − (α + 1)
−1dσ2
dt
· σ−12 (α + 1)
)
= Tr
(
(α + 1)−1
dσ2
dt
· σ−12 α
)
+ Tr
(
(α + 1)−1
dσ2
dt
· σ−12 −
dσ1
dt
· σ−11
)
= Tr
(dσ2
dt
· σ−12 −
dσ1
dt
· σ−11
)
proving the desired result. 
In the next Lemma we will show that the composition of the map
L˜ : H1(Coker(δR(pi2)))→ C
with the exponential
exp : C→ C∗
can be expressed using a Fredholm determinant.
By [9, Proposition 5.4] the first algebraic K-group of the Banach algebra T 1 vanishes. In
particular, it follows from the exact sequence (10) that the groups E(M1) and GL0(M
1)
coincide. Here GL0(M
1) denotes the connected component of the identity. We therefore have
a commutative diagram of simplicial maps
Rn(T
1) E(T 1)n
Rn(M
1) E(M1)n
✲
θ
❄
R(pi2)
❄
E(pi2)
✲
θ
and by consequence an induced map
θ : H1(Coker(δR(pi2)))→ H1(Coker(δE(pi2)))
Furthermore we let
D∗ : H1(Coker(δE(pi2)))→ H1(Coker(δE(q)))
denote the map induced by the commutative diagram
E(T 1) E(L(H))
E(M1) E(C1(H))
✲
E(pi1)
❄
E(pi2)
❄
E(q)
✲
E(R)
of group homomorphisms.
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Lemma 4.6. The diagram
(12)
H1(Coker(δR(pi2))) H1(Coker(δE(q)))
C C
∗
❄
L˜
✲
D∗◦θ
❄
det
✲
exp
is commutative.
Proof. We show that for each generator
(σ1, σ2) ∈ R(T
1)1 ×R(M1)1 R(T
1)1
we have
(exp ◦L˜)(σ1, σ2) = det
(
E(pi1)(σ1(1)
−1) · E(pi1)(σ2(1))
)
Indeed the smooth map σ1σ
−1
2 : ∆
1 → GL(T 1) is of the form σ1σ
−1
2 = (α, 1) with α : ∆
1 → G
being a smooth map in the sense of Definition 4.4. It follows that
(exp ◦L˜)(σ1, σ2) = exp
(
− Tr
∫ 1
0
dα
dt
· α−1dt
)
But this is precisely the Fredholm determinant of the endpoint
det(α(1)−1) = det
(
E(pi1)(σ2(1)) · E(pi1)(σ1(1)
−1)
)
proving the desired result. 
4.3. Proof of the main result. In this section we combine the results of Lemma 4.2 and
Lemma 4.6, in order to obtain a proof of our main theorem: the determinant invariant equals
the multiplicative character up to a canonical homomorphism on algebraic K-theory.
We start by making a couple of useful observations. Let
θ : H2(R(M
1))→ H2(E(M
1))
denote the homomorphism induced by the simplicial map
θ : Rn(M
1)→ E(M1)n
The composition
θ ◦ h2 : K
rel
2 (M
1)→ H2(E(M
1))
then corresponds to the map
θ : Krel2 (M
1)→ K2(M
1)
under the identification K2(M
1) ∼= H2(E(M
1)).
Furthermore, the simplicial map
R(pi2) : R(T
1)→ R(M1)
is surjective in each degree. This follows from [1, Proposition 3.4.3] by the surjectivity of the
map
Mm(pi2) :Mm(C
∞(∆n, T 1))→Mm(C
∞(∆n,M1))
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and since each element σ ∈ R(M1)n can be represented by an element
σ ∈ GL0
(
Mm(C
∞(∆n,M1))
)
By Theorem 2.1 the map
ε : H∗(Coker(δR(pi2)))→ H∗(R(pi2))
thus becomes an isomorphism.
We are now ready to prove the main result of the paper.
Theorem 4.7. The composition of the universal multiplicative character
MU : K2(M
1)→ C/(2pii)Z
with the exponential function
exp : C/(2pii)Z→ C∗
coincides with the composition of the homomorphism on algebraic K-theory
R∗ : K2(M
1)→ K2(C
1(H))
induced by the unital algebra homomorphism
R :M1 → C1(H) x 7→ q(PxP )
and the universal determinant invariant
d : K2(C
1(H))→ C∗
That is
exp ◦MU = d ◦R∗
Proof. From the long exact sequence (6) we see that
θ : Krel2 (M
1)→ K2(M
1)
implements the isomorphism
Coker(v) ∼= K2(M
1)
By construction of the multiplicative character it is therefore enough to prove the equality
exp ◦τ1 ◦ ch
rel
2 = d ◦R∗ ◦ θ
See Section 3. We evolve on the left hand side. The identifications
H1(R(pi2)) ∼= H1
(
Coker(δR(pi2))
)
and H1(E(q)) ∼= H1
(
Coker(δE(q))
)
as well as the identifications
K2(M
1) ∼= H2(E(M
1)) and K2(C
1(H)) ∼= H2(E(C
1(H)))
will be suppressed. Furthermore we will make use of the results in Corollary 4.3, Lemma 4.5
and Lemma 4.6 as well as of the observations preceeding the statement of the Theorem. We
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get
exp ◦τ1 ◦ ch
rel
2 = exp ◦(−T ◦ TR ◦ L ◦ ∂ ◦ h2)
= exp ◦L˜ ◦ ∂ ◦ h2
= det ◦D∗ ◦ θ ◦ ∂ ◦ h2
= det ◦ ∂ ◦ E(R)∗ ◦ θ ◦ h2
= det ◦ ∂ ◦R∗ ◦ θ
But this is precisely the composition
d ◦R∗ ◦ θ : K
rel
2 (M
1)→ C∗
proving the theorem. 
The main theorem can be refined in the following way. Let
ρF : A →M
1
be the unital algebra homomorphism associated with an odd unital 2-summable Fredholm
module (F,H) over the C-algebra A. We then define a C-subalgebra of L(H) by
E = {PρF (a)P + T | T ∈ L
1(H) and a ∈ A}
Letting B denote the quotient of E by L1(H) we get an exact sequence
XF : 0 −−−→ L
1(H)
i
−−−→ E
pi
−−−→ B −−−→ 0
We then have the algebra homomorphism ι : B → C1(H) which is induced by the inclusion
ι : E → L(H) and the surjective algebra homomorphism
RF : A → B a 7→ q(PρF (a)P )
Here q : L(H)→ C1(H) denotes the quotient map.
Corollary 4.8. The diagram
K2(A) K2(B)
C/(2pii)Z C∗
✲
(RF )∗
❄
MF
❄
d(XF ,ι)
✲
exp
is commutative.
Proof. The result follows from Theorem 4.7 and the identity
R ◦ ρF = ι ◦RF : A → C
1(H)
using the definition of the invariants and the functoriality of algebraic K-theory. 
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